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Abstract. 

In this paper we give a new proof for an almost isometry theorem in Alexandrov 
spaces with curvature bounded below. 
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Due to the great work by Perel'man on Poincare conjecture, Alexandrov geometry 

(especially with curvature bounded below) together with Gromov-Hausdorff conver- 

^ ■ gence theory attracts more and more attentions. 

A fundamental and significant work on Alexandrov spaces with curvature bounded 
00 ■ 

below is of Burago-Gromov- Perel'man ([I]). One important result in [T] is an almost 
isometry theorem (see Theorem 0.1 below). We find a key lemma of its proof is incorrect 
(see "Lemma" 1.2 and Example 1.3 below). We suppose that the authors of [1] missed 
some condition. In the present paper we adjust the conditions of the lemma so that the 
conclusion of it still holds (see Lemma 2.1 below). Unfortunately, from the modified 
lemma the original proof of the theorem cannot go through. For this reason, we supply 
a new proof for the theorem in this paper. 



^ ■ Notations and main theorem 

\o 

We first give some notations, which are almost copied from [1]. 

• \xy\ always denotes the distance between two points x and y in a metric space. 

• For any three points p, q, r in a length space, we associate a triangle Apqr on 
the fc-plane (2-dimensional complete and simply-connected Riemannian manifold of 
constant curvature k) with \pq\ = \pq\,\pf \ = \pr\ and \rq\ = \rq\. For k ^ and for 
k > with \pq\ + \pr\ + \qr\ ^ 2tt j\fk, such a triangle always exists. We denote by 
Zpqr the angle of the triangle Apqr at vertex q. 

• M always denotes an Alexandrov space with curvature bounded below by k, which 
is a length space and in which there exists a neighborhood U x around any x G M such 
that for any four (distinct) points (a; b, c, d) in U x 

Zbac + Zbad + Zcad ^ 2ir. 



Supported by NSFC 10801011 and 10826052. 

2 Mathematics Subject Classification (2000): 53-C20. 

3 The corresponding author (E-mail: wwyusheng@gmail.com) 



1 



• A point p G M is called an (n, J)-strained point if there are n pairs of points 
(ai, 6j) distinct from » such that for i ^ j 

Zaipbi > it — 5, Zdipcij > tt/2 — 5, 
Zcupbj > it/2 — 5, Zbipbj > tt/2 — 5. 

{(aj,6j)}" =1 is called an (n, <5)-strainer at p (which is obviously a generalization of 

a coordinate frame). We say that the (n, 5)-strainer {(aj,i>j)}" =1 at p is iJ-long if 
R R 

\ a iP\ > ~f anc ^ 1^1 > T ^ or an And we denote by M(n, 6, R) the set of points with 

o o 
i?-long (n, J)-strainer in M. 

• An important fact is that if any neighborhood of a point p G M contains an 
(n, <5)-strained point (<5 is sufficient small) but no (n + 1, <5)-strained point, then any 
neighborhood of any other point in M has the same property (see §6 in [lj). And it 
follows that the dimension of such M is defined to be n. 

• We always denote by x(-) or x(-, •) (resp. C) a positive function which is infinites- 
imal at zero (e.g. x{5, 5\) — > as 5, Si — > 0) (resp. a constant depending only on n); 
however we do not distinguish any two distinct x-functions with the same parameters 
(resp. any two such constants) when we use them. 

• A map / between metric spaces (X, d\) and (Y, d^) is called a GH e -approximation 
if B e (f(X)) = Y and \d 2 (f(x 1 ),f(x 2 )) - d 1 (x 1 ,x 2 )\ < e for any x 1 ,x 2 G X. 

• / : (X,di) — > (Y,d 2 ) is called a x(5)- almost distance-preserving map if 

\mm\ 

\xy\ 

and if in addition / is a bijection, / is called a >c{5)-almost isometry. 

• We say that / : (X, d\) — > (Y, d 2 ) is i^-close to / if \f(x)f(x)\ < v for any x G X. 

Now we formulate the almost isometry theorem in [1] mentioned at the beginning. 
Theorem 0.1 (Theorem 9.8 in |lj) Let M\ and M 2 be two compact n-dimensional 
Alexandrov spaces with the same low curvature bound, and let h : M\ — > M 2 be a GH U - 
approximation. Then for sufficiently small 5 and j^p> there exists a x(5, -^)-almost 
distance preserving map h : Mi(n,5,R) — > M 2 which is Cv-close to h. 

It is not difficult to conclude from Theorem 0.1 the following important corollary. 
Corollary 0.2 ([lj) In Theorem 0.1, if in addition each point of M 2 is (n, 5) -strained, 
then there exists a x{5,v)-almost isometry h : M\ — > M 2 which is Cv-close to h. 

Theorem 0.1 (or Corollary 0.2) plays an important role when one studies a converg- 
ing sequence (with respect to the Gromov-Hausdorff distance defined by the GH-appro- 
ximation) of n-dimensional Alexandrov spaces with the same low curvature bound. 

In this paper we give the proof of the following sharper version of Theorem 0.1. 
Theorem A Let M\ and M 2 be two compact n-dimensional Alexandrov spaces with 
the same low curvature bound, and let h : M\ — > M 2 be a GH U - approximation. Then 
for sufficiently small 5 and v < 5 2 R, there exists a x{6) -almost distance preserving map 
h : Mi(n, 5, R) — > M 2 which is Cv-close to h. 
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< x(8) for any x, y G X; 
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The construction of h is almost copied from pQ (see Section 3). The main difference 
between our proof and the proof of Theorem 0.1 in pQ is how to verify that h almost 
preserves distance (see Section 4). Of course, we use some ideas and results in pQ. 

Remark 0.3 In [2 J Yamaguchi proved that, without the assumption of the dimension 
of Mi, there is an almost Lipschitz submersion from M\ to M<i if each point of M2 
is (re, <5)-strained in Theorem 0.1. This result (which appears as a conjecture in pQ) 
coincides with Corollary 0.2 if the dimension of Mi is re. The key approach to construct 
the almost Lipschitz submersion in [2] is to embed an Alexandrov space with curvature 
bound below M into L 2 (M). Compared with it, the base of the construction of h of 
Theorem 0.1 (or A) is that Mi (re, 5, R) is locally almost isometric to the re-dimensional 
Euclidean space (see Theorem 1.1 below). 

1 Center of mass and a key lemma in fl] 

The main tool in the construction of h (pQ) in Theorem 0.1 (or A) is "center of mass". 
Recall that the center of mass of a set of points Q = {qi, qi, ■ ■ ■ ,qi} C W 1 with weights 
W = {w\,W2, ■ ■ ■ ,wi) (where Ylj=i w j = 1 an d Wj ^ 0) is defined to be 



3=1 

The construction of the center of mass for a set of points in M is based on the 
following important result. 

Theorem 1.1 (Theorem 9.4 in |lj) Let M be an n-dimensional Alexandrov space 
with curvature bounded below, and let {(ai,bi)}f =1 be an (re, 5) -strainer at p £ M. 
Then there exist neighborhoods U and V around p and {\a\p\, \a2p\, ■ ■ ■ ,\a n p\) G M n 
respectively such that 

f :U — yVcl" given by /(g) = (|oig|, |a 2 g|, • • • , \a n q\) 

is a x{5,5\)- almost isometry, where 5\ = max {|paj| _1 , • diamC/. 

If Q = {gi,g2,-"" i^i} belongs to U in Theorem 1.1, and if in addition f(U) is 
convex in M. n , then the center of mass of Q with weights W is defined to be (pQ) 



Obviously, Qw depends on the choice of the (re, <5)-strainer at p. 

Now we give the key lemma in pQ mentioned at the beginning of Section 0, which 
plays a crucial role in verifying that h in Theorem 0.1 almost preserves distance. 
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"Lemma" 1.2 Let p, U, {(aj, &i)}f =1 and / &e the same as in Theorem 1.1, and let 
{(si,U)}f =1 be another (n, 5) -strainer at p with 



Si = max 



diamC/ maxj{|pa,|, \pbi\} 



minj{ \pai | , \pbi | } ' mirij{ \psi \,\pti\} 
And let Q = {q±, • • • ,qi} and R = {r±, ■ ■ ■ ,r{\ be two sets of points in U with 

m.ax{\qjVj\} < (1 + 5) min{\qjrj\}, and | max Zsiqjrj — min Zs^q^rj \ < 5 for i = 1, • • • n. 

j j j j 

Assume that f(U) is convex in W l . Then for any weights W 1 and W 2 such that 
WW 1 — W 2 \\ < 5±, the centers of mass Q\yi and R\y2 (with respect to the strainer 
{(ai,bi)}) satisfy that 

\lj r j\ 



\Qw 1 -^w 2 1 

and \Zsiqjrj — ZsiQyyiRyy2 \ < x(5, 5i) for j = 1, • • • , I and i = 1, • • • , n. 

Due to the following counterexample, we don't think that this lemma is correct. 
Example 1.3 1. In fact, if qj = rj for j = 1, • • • , / and W 1 / W 2 , then Qy/i / R\y2 



\<lji 



and thus 

\Qv/iRy/2 

2. If \q jrj \ < \\W l - W 2 \\ for all j, then " 



1 1 — 0| > x(<5,<5i; 



m r j\ 



< k(5, 5\) v does not hold. 



\QyylRyif2 | 

Inspired by the example, we add some stronger restriction on the weights W 1 and 
W 2 (see Lemma 2.1 below) so that the conclusion in "Lemma 1.2" still holds. 



2 Modified key lemma 

In this section we give a modified version of "Lemma" 1.2 which is formulated as follows 
(for convenience we divide it into two parts). 

Lemma 2.1 Letp, U, {(a», 6j)}" =1 and f be the same as in Theorem 1.1, and let {(sj,tj)}[' 
be another (n, 5) -strainer at p with 

max f diamt/ maxjjjpa^ \pbj\} 1 ^ 
\mini{|pai|, |p6i|}' mim.{|psj|, \pti\} J 

And let Q = {qi,--- ,qi} and R = {r±,--- ,r{\ be two sets of points in U. Then the 
following conclusions hold. 

(2.1.1) The following statements are equivalent: 

(1) \Zaiqjrj — Zaiqj>rji\ < x(5) for i = 1,- • • ,n; 

(2) \Zsiqjrj — Zsiqjiry \ < x(5) for i = 1, • • • , n. 

(2.1.2) Assume that f(U) is convex in W 1 , and assume that 

max{\qjrj\} < (1 + x(5)) mm{\qjrj\} and (2-1) 

j j 
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max AaiqjTj — min ZaiqjVj\ < x(5) for i = 1, • • • , n. 



(2.2) 



Then for any weights W 1 and W 2 with \\W l — W 2 \\ ■ max|rjrj/| < h{5) min the 

3,3' 3 

centers of mass Qw 1 an d R\v 2 (with respect to the strainer {(a,i,bi)}) satisfy that 



< x(<5) and 



\Qw 1 R\V 2 \ 

\Zaiqjrj — ZaiQ w iR W 2 \ < x(<5) for j = 1, • • • ,1 and i = l, - - ,n. 

(2.1.1) is proved in [1] (for convenience of readers we give its proof in Appendix). 
For the proof of (2.1.2) we need Lemmas 2.2 and 2.4. 

Lemma 2.2 Let Q = {qi,q2, • • • ,qi} and R = {r±,V2, • • • ,77} be two sets of points in 
W 1 , and let W l = (w\,w % 2 , ■ ■ ■ ,w\) be two weights with i = 1,2. Then 



Q w iR w l = w )%^3 + X^K 2 - w j) V)' 
3=1 3=1 

for any j £ {1,2,- •• ,/}. 

Proof. Straightforward computation gives 

I l 

Q w iRw 2 = Y w ) r 3 ~ w j1j 
3=1 3=1 
1 1 

= Y w){rj -q 3 ) + Y K 2 - w )) T i 
3=1 3=1 
l l l 

= J2 W J^j + XlK 2 - W )) r 3 ~ UK 2 - W ]) r 30 
j=l j=l j=l 

I I 

= Yl W )^3 + Yj^") ~ W }) ¥ ^3- U 
3=1 3=1 

To simplify further considerations, we use the following definition. 

Definition 2.3 For sets of points Q = {(71,(72} and R = {r±,r2} in R n , we say that 
q\r\ is >c{5)-almost parallel to qyr% if 



and if in addition 



^(91^1,^2X2) < x(5); 

< x(8), 



1 



1 92^2 1 



we say that q±r± is h{5)- almost equal to (72^2 • 
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Lemma 2.4 Let p, U, {(aj, 6i)}^Li and / 6e the same as in Lemma \2.1l Then for any 
points xi,x 2 ,y\,y 2 S U, the following statements are equivalent: 

(1) \ZdjXiyi - ZaiX 2 y 2 \ < for i = 1, 2, •• • ,n; 

(2) f{x\)f{yi) is x(5)-almost parallel to f '(x 2 ) f \y 2 ) ■ 

Lemma 2.4 is implied in [1] (we will give its proof in Appendix). 

Proof of (2.1.2). According to Theorem 1.1 and Lemma 12.41 inequalities (|2.ip 
and (|2.2p imply that f(qj)f(rj) are x(<5)-almost equal each other for j = 1,2,- •• , I. 
Therefore it follows from Lemma 12.21 that fiQw^fi^-w 2 ) ^ s >£(<5)-almost equal to 

v I I 

f(Qj)f(rj) for every j (note that f(Q w i) = Yl w }f(Qj) and fi R W 2 ) = E w ]f( r j)i 

i=i j'=i 
and HVl^ 1 — W 2 \\ ■ m&x\rjrji\ < x(5)mm\qjrj\). And thus the conclusion in (2.1.2) 

3 ,3' 3 

follows from Lemma 12.41 and the fact that / is a x(<5)-almost isometry. □ 

At the end of this section we give a corollary of (2.1.1), which will be used in gluing 
local almost isometries to a global one (see next section). 

Corollary 2.5 Let p,U,{(ai,bi)}™ =1 and {(si,ti)}f =1 be the same as in Lemma \2.l\ 
Let {(Oi,&9}f = i be an (n, 5) -strainer at another point p' , and let V be a neighborhood 
around p determined by Theorem 1.1 (with respect to {(a'i,^)}). Moreover we assume 
that {(si,ti)}f =1 is also an (n, 5) -strainer at p' , and 

( diamf/' max,{|p'a-|, 1 ^ 

Imin^lp'a^l, min^lp'sil, \p%\} j 

Then for any points x\, x 2 , yi, y 2 £ U\ D U 2) the following statements are equivalent: 

(1) \ZciiXiyi - Zaix 2 y 2 \ < >c(5) for i = 1, • • • , n; 

(2) \Za\x\y\ - Za[x 2 y 2 \ < x{8) fori = !,••• , n. 



3 The construction of h in Theorem A 

In this section, we give the construction of the map h in Theorem A, which is almost 
copied from [1]. 

Since the closure of M\(n, 5, R) is compact, we can select xj £ M\(n,S, R) with 
j = 1, • • ■ ,N\ such that 

[j B X] {5R) d [j B X] {-5R) d M 1 (n,5,R). (3.1) 

Without loss of generality, we can assume that the multiplicity of the cover {B Xj (5R)} 
is bounded by a number N depending only on the dimension n (see Theorem 1.1 for 
the dimension). 

Since Xj G M\(n, 5, R), there exists an i?-long (n, <5)-strainer {(sj, ^)}™ =1 at Xj (with 
minj{|xjS^|, > j), and thus there exists a 5R-long (n, <5)-strainer {{a\ , 6^)}" =1 
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at Xj (with minj{ | XjG^ |, > R) such that 

mzxi{\%j4l\ x M\} < 6 



mm{\xjsl\, \xjtt\y 

Denote by fj and Uj the associated map and the neighborhood around Xj in Theorem 
1.1 with respect to the strainer Moreover we select Uj such that fj(Uj) is 

convex in M n ; and such that 

B x . (25R/3) C Uj C B Xj (5R) (3.2) 

which implies that 

fj\jj. is a x(<5)-almost isometry (see Theorem 1.1). 

Since h is a GH^-approximation with v < R5 2 , {{h{a\), /i(&?))}™ =1 and {(/i(s^), /i(^))}™ =1 
are (n, 2<5)-strainers at h(xj). We consider the associated map gj around h(xj) in The- 
orem 1.1 with respect to the strainer {(/i(aj), /i(6j))}, and we have that 

g~ 1 \r uj \ is a x((5)-almost isometry. 

Obviously, 

/ij = gj l o is a x(<5)-almost isometry on each Uj, 

and for any x G ?7j 

|fy WOI = (1 + x(«5))| 5j (/ lj (x)) 5 ,(/ l (x))| 
=(l + x(*))|/ i (x) ft -(M^))l 

=(1 + x(5))^(|a{x| - \h(a{)h{x)\Y + ■■■ + (M - \h(ai)h{x)\Y 
<(1 + >c(5))\/nv (note that /i is a GH„-approximation), 

i.e. each /ij is Cz^-close to h on Uj. 

We will use center of mass to glue all these local almost isometries hj to a global 
one. We first define weight function Jf| : M\ — > R by 



(j)j(x) 



1-M, xeB Xj (5R/2), 
0, a; G Mx\B x (SR/2). 



Then for an arbitrary point 2 G Mi (n, <5, i?) we define a sequence C M2 : 



Z Uj 



4 The original definition in [1] is <j>j(x) = (1 - 2|a;a;j |/(<5ii)) JV if x € B Xj (SR/2), but we find that 
power 1 is sufficient. A basic reason for this is that we only need Lipschitz condition. 
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3 

where zq = h(z), Eo(z) = and £y-(z) = Yl 4>i{z) for j ^ 1. A basic fact is that 

1=1 

E Nl (z) > ^ (see ([31])). (3.3) 
Now we define the desired map h : Mi(n, 5, R) — > M 2 in Theorem A by 
h(z) = zn 1 for any z G Mi(n, 5, R). 
Since each hj is CV-close to h, it is easy to see that 

\hj(z)hji(z)\ < Cv and \zjhj>(z)\ < Cv, (3-4) 

and thus 

h is CV-close to /i. 

In next section we will verify that h x(<5)-almost preserves distance. 

4 Verifying that h almost preserves distance 

In this section, we verify that h constructed in Section 3 almost preserves distance, i.e. 
for any y,z £ Mi(n, 5, R), 

< x(S) or \\h(y)h(z)\ - \yz\\ < x(S)\yz\, (4.1) 

and thus the proof of Theorem A is completed. 

We first observe that we only need to consider the case u \yz\ < i?<5 3 / 2 ". In fact, 
if \yz\ ^ iM 3 / 2 , then \\h(y)h(z)\ - \yz\\ < Cv < CR5 2 < \yz\x(6) (i.e. flU} holds) 
because h is CV-close to h which is a GH^-approximation. 

Without loss of generality, we assume that 4>j(y) + <t>j(z) 7^ for 1 ^ j ^ N2, but 
4>j(y) + 4>j{z) = for N 2 < j ^ Nx. Note that if 4>j{y) / (i.e., y G B X] (5R/2)), then 
z € B Xj (52R/3) C Uj (see ([321)) because \yz\ < R5 3/2 (5 is sufficient small). Then 

y, z G t/j for j = 1, • • • , A2 and y, z g" Uj for j > N2, 

which implies that N2 ^ A (a number depending on n) and that 

^(2/) = VN 2 and /j(z) = z N2 . (4.2) 

And we can define two new sequences {Vj}^^ and {z~j}jl^ in M2 (which are not 
introduced in [1]): 

Note that 

|L = yj and z 3 - = Zj for j = 1, 2. (4.3) 



l%)M*)l 
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Now we give two claims. 
Claim 1§: 

\\Vn 2 z n 2 \ - \v z \\ < x($)\yz\- 

Claim 2: 

Wvn2 z n 2 \ - \yN 2 ZN 2 \\ < x(8)\yz\- 

Obviously, Claims 1 and 2 (together with (|4.2|) ) imply (j4.1|) . Hence we only need 
to verify Claims 1 and 2. 

• The proof of Claim 1: 



Note that y N2 (resp. z^ 2 ) is the center of mass of {hj(y)}^ : l 1 (resp. with 
weights W y = • • • , **g> ) (resp. W z = • • • , )) with respect to 

the (n, (5)-strainer {(fr(af 2 ), /i(&f 2 ))}™ =1 at fc(a;jv a ). Then according to (2.1.2), Claim 
1 follows from the following three properties. 

(i) Since each hj is a x(<5)-almost isometry, we have 



max{|/ij(y)/ij(2;)|} < (1 + x(£)) min.{\hj(y)hj(z)\}. 

3 3 



(4.4) 



(ii) For any fixed j, 



Zh(a?) hi (y) hi (z) — mm Zh(al) hi (y) hi (z)\ < x(<5) for z = 1, • ■ ,n. (4.5) 



This is proved in [1] (we give its proof in Appendix in which the strainers {(s^,^)} will 
be used), 
(iii) 

1 1 W y — 1 1 • m&x\hj(z)hj'(z)\ < x{5) mm \hj(y)hj(z)\ . (4.6) 

3,0' 3 



(4.7) 



In order to prove inequality (|4.6p . we first give an estimate 



My) M z ) 



In fact, for any 1 ^ K JV2 we have \4>i{y) — (friiz)] = 2- — ^ fT J^ ~ ^ ^ ■ , and thus 



5R 



5R 



My) M z ) 



1 

%¥) 
1 



i(y) 



M z )^j(y) 



My) - M z ) - M z ) 



Sj(y) - Sj(z) 



Xj(z) 



Ejiy) 1 
C\yz 



max{\My) ~ M z )\} ■ N 2 



Note that inequality (|4.6p follows from (|4.7p . T>N 2 (y) > | (see f|3.3[) ) and |/ij(z)/ij/(2;)| < 



Cz> < CR5 2 (see ([3; 



The present proof is mainly inspired by this observation. 
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• The proof of Claim 2: 

Put ctj = gj(yj)gj(zj) — 9j(yj)9j(zj], 3 = 1? • • • > ^2- Since each gj is a x(#)-almost 
isometry, Claim 2 is equivalent to 

|"^jv 9 |<x(5)H. (4.8) 

Subclaim: 



^ + ^f (1 + ^l^" 1 ! + j = 2, • • • , 7V 2 . (4.9) 



It follows from the subclaim that 

| ^ C\yz\v Sjy 2 _i(j/) /rNM-> I 

, C\yz\u £jv 2 _ 2 (y) /rNM-> I 

5KEn 2 (y) ^N 2 {y) 
^ • • • 

< x(S)\yz\ (note that £jv 2 (y) > u < R5 2 and |c^ 2 | = (see (03]))). 
Now we only need to verify the subclaim. 

To simplify notations in the following computations, we let x denote gj(x) for any 
x G Uj. 

Recall that 

(5j and Zj have the same form respectively). Through straightforward computation, 
one can get 



^ = w v j 11 • - £ ^ /,/L ' /!/ " i:; J + S v^i " m ) hl{z)Zj ' 1 

Put p = yj-iZj-i - ^ - -—hi(y)hi(z) and T = L TT7T ~ ^"TT M^i-l' 

1=1 z=i V^jl^J ^j{y)J 

and thus 

It follows from inequalities (|4.7p and (|3.4p that 





My) 








My) 
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In order to estimate |~/?|, we introduce two points and z';_-y such that 



»7i E 



<t>i(y) 



9j-i(hi(z)) 



and 



Now we put 



(4.12) 



7? 3 



Vj-iZj-i ~ Vj-i z i-i) 

~ — ► ^ = — >■ 

Uj-x^j-i - Vj-iZj-i, 

~ — ~ — ~ — y 



^ 4 = Vj-i^j-i - Yl 

Obviously ~$ = + ~$ 2 + ~$ 3 + ^ 4 . 
Firstly, 



4>i(y) 



hi(y)hi(z). 



0' 



(1 + x(<5))|4_ 1 z i . 



=(1 + 

=(l + gj-i{yj-i)gj-i{zj-i) - S'j - 1 - 1 ) 5j - 1 - 1 ) 
(by (|4.12|)) =(1 + xr(5)) 5'i-i(yi-i)5'i-i(^-i) - 0j-i(yj-i)5j-iC%-i) 
=(l + x(5))|^-_ 1 |. 

Secondly, 



(i + x(<y))K-_i^i-i| 



= (1 + X^))^-!^.!)^-!^-!)! 



=(1 + *(*)) 

=(1 + *(*)) 
C|^|i/ 



E 



9j-i(hi(z)) 



J'-l 



E 



(similar to getting (|4.1ip ). 



3 J -_i(/ii(2;))ff 3 -_i(/i l (z) 



Thirdly, we estimate |~/?" 4 |. According to Lemma 2.4, it follows from (|4.4p and (|4.5 
that for any 1 ^l,l\,l2 ^ -^2 



9i(h h (y))gi(h h (z)) is x(<5)-almost equal to gi(hi 2 (y))gi(hi 2 (z)), (4.13) 
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and thus 

9j-i(yj-i)9j-x(^j-i) is ^(^)-almost equal to 
Then according to Corollary 12.5^1 and Lemma 2.4, 



Vj-l z 'j-t 1S x(5)-almost equal to hi(y)hi(z). (4-14) 
On the other hand, by ([4TT5]) 

y~] „ - , hi(y)hi(z) is x(5)-almost equal to hi(y)hi{z). 
Therefore it follows that 

|^ 4 |<x(5)|/S)^5)|=x(<5)|H. 



Finally, we estimate |~/^ 2 |- Note that it follows from (|4.14p that |y J _ 1 z'j_i| < 
x(5)\yz\, and thus 

~ ^1 „ 5 1 C\yz\v , 

< I I + lyj-i^-il < SBE-Jy) + 

On the other hand, according to Corollary 12.51 and Lemma 2.4 it follows from (|4.12|) 
that 

— > - — - — > 

yj-iz'j-i is x(<5)-almost equal to yj-{z~j-\- 

Therefore we have 

Now we can conclude that 

1^1 < 1^1 + l^ 2 | + l^ 3 | + l^ 4 | < (1 + + Jl yZW ( s + *Wlv*|. 

And plugging the estimates of \~$\ and l 7 /^ (see (|4.1ip ) into (|4.10p . we obtain the 
Subclaim (and thus the whole proof is completed). □ 



5 Appendix 

In Appendix, we give the proofs of (2.1.1), Lemma [2. 4 1 and (|4,5p . In the proof of (2.1.1), 
we will use a result contained in Lemma 5.6 in pQ. 

Lemma 5.1 Let p,q,r,s E M. For sufficiently small 5, if\qs\ < 5 ■ min{\pq\, \rq\} and 
Zpqr > it — 5, then \Zpqs — Zpq$i\ < x(5) and \Zrqs — Zrqs\ < x(5). 

6 When applying Corollary 12.51 we can assume that (s^ -1 ,^ -1 ) is also an 7?- long (n, 2J)-strainer at 
hj(xj) (see the beginning of the proof of (|4.5[) in Appendix). 

7 Zpqs is the angle between geodesies qp and qs at q, which is well defined by lim Zxqy with 

x,y yq 

x £ qp and y 6 qs. 
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Proof of (2.1.1): 

According to Lemma 15.11 (2.1.1) is equivalent to 



\ZaiqjVj — ZaiqjTj'l < x{8) <^=^ \Zsiqjrj — Zsj(jyry| < x(S) for i = 1, • • • ,n. (5.1) 
Using the law of cosine, it is not difficult to conclude 

\ZuqjV — Zuqj/v\ < x(8) for u G {sj,^}" =1 and v £ {aj,6j}" =1 . 
By Lemma l5.ll again. 



\ZuqjV — Zuqjiv\ < x{5). 



(5.2) 



Now we consider spaces of directions at qj, with angle metric. In the situa- 
tion here, Theorem 9.5 in [T] ensures that £ g . is x(<5)-almost isometric to an (n — 1)- 
dimensional unit sphere. Denote by d{ 6 E g . (resp. and fj) the directions of geodesies 
qjdi (resp. qjSi and qjfj) for i = 1, • • • ,n. Note that 



|0«<3V| 



7T 7T 

— ± x(5) and |sjSj/| = — ± x(5) for i ^ i' . 



□ 



Then it is not difficult to see that inequality (|5.2p implies (|5.ip . 

Proof of Lemma 12.41 

We only give the proof for k = (proofs for other cases are similar). We first note 
that 

\AaiX\y\ - Zdix 2 y 2 \ < x{5) 
-<=^ | cos ZciiXiyi — cos ZdiX 2 y 2 \ < 



\diXi\ 2 + |xiyi| 2 



\aiyi\ 2 \diX 2 \ 2 + \x 2 y 2 \ 2 



\<Hy2\ 



2\<nxi\ ■ \xiyi\ 
\aiX\\ - \aiyi\ \diX 2 \ 



2\aiX 2 \ ■ \x 2 y 2 \ 



< x{5) 



\am\ 



\xiV\\ 
\ciiXi\ - \aiyi\ 



\X2V2\ 

\a,iX 2 \ - \ciiy 2 \ 



|/(si)/(yi)| \f(x 2 )f(y 2 )\ 



< x{5) (5.3) 

< x(S) (/ is a xr(5)-almost isometry). 



Recall that f(x) 



i = 1, 2, • • • ,n 



d\x\,\d 2 x\, ■ ■ ■ , \a n x\). Hence \ZaiX±yi — ZdiX 2 y 2 \ < x{5) for 

□ 



Z(f(x 1 )f(y 1 ),f(x 2 )f(y 2 ))<x(5). 

Proof of (gSD : 

We only give the proof for k = 0. 

We first give an observation that {sj,t]}™ =1 is an i?-long (n, C<5)-strainer at any 
xi for I = 1, • • • , JV2 (note that ^ N 2 RS ^ iViM with iV depending only on n). 

Without loss of generality, we can assume that {s],^}™ =1 is an i?-long (n, <5)-strainer 
at xi, and thus {/t(s|), /i(^)}" = i is an i?-long (re, 25)-strainer at h(x{). 

Next we note that inequality (|4.5p is equivalent to for any 1 ^ j, h,l 2 ^ ./V2 



12^(4)^ (y)h h (z) - Zh(aj)h h (y)h l2 (z)\ < x(5). 
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On the other hand, for i = 1, • • • , n and any u G {s\, ^}" =1 



(by (2.1.1)) 

(obviously) 

(by (1531)) 

(?) - 
(by Lemma l5.ip 



(see (5.3)) 



Zh(u)h h (y)h h {z) - Zh{u)hi 2 (y)hi 2 {z)\ < x{5) 
Zh(u)hi(y)hi(z) - Zuyz\ < x(5) for / = 1, • • • ,iV 2 
Zh(u)hi(y)hi(z) - Zuyz\ < >c(S) 
Zh(4)hi(y)hi(z) - La\yz\ < x(5) 
Zh(a[)hi(y)hi(z) - Za\yz\ < x(<5) 
|%<)^y)|-K<4)M*))l Hy\-\a[z\ 



(5.4) 



h(y)M^)l 



1 2/^1 



< x(5), 



\a\z\ 



where the last inequality holds because |/i(a')/i;(y)| = \a\y\ and |/i(a')^(z)| 
(recall that hi = gT o /;), and hi is a x(<5)-almost isometry. 

Hence we only need to verify the third ' <^=^ ' in (5.4). Similar to getting inequality 
(|5.2p . we can obtain for any v € {a[, &'} n 



i=l 

\Zh(u)hi{y)h(v) - Zuyv\ < x(S). 

Therefore we can use the same argument as the end of the proof of (2.1.1) to conclude 
the third ' <^=^ ' in (5.4) holds (taking into account that both an d ^ y are x(<5)- 

almost isometric to § ra_1 ). □ 
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